Abstract. We introduce a large class of mappings, called enriched contractions, which includes, amongst many other contractive type mappings, the Picard-Banach contractions and some nonexpansive mappings. We show that any enriched contraction has a unique fixed point and that this fixed point can be approximated by means of an appropriate Kransnoselskij iterative scheme. Several important results in fixed point theory are shown to be corollaries or consequences of the main results in this paper. We also study the fixed points of local enriched contractions, asymptotic enriched contractions and Maia type enriched contractions. Examples to illustrate the generality of our new concepts and the corresponding fixed point theorems are also given.
Introduction
Let X be a nonempty set and T : X → X a self mapping. We denote the set of fixed points of T by F ix (T ), i.e., F ix (T ) = {a ∈ X : T (a) = a} and define the n th iterate of T as usually, that is, T 0 = I (identity map) and T n = T n−1 • T , for n ≥ 1. T is said to be a Picard operator, see for example Rus [18] , if (i) F ix (T ) = {p}; (ii) T n (x 0 ) → p as n → ∞, for any x 0 in X. The most useful class of Picard operators, that play a crucial role in nonlinear analysis, is the class of mappings known in literature as Picard-Banach contractions, first introduced by Banach in [2] , in the case of what we call now a Banach space, and then extended to complete metric spaces by Caccioppoli [12] .
Banach contraction mapping principle essentially states that, in a complete metric space (X, d), any contraction T : X → X, that is, any mapping for which there exists c ∈ [0, 1) such that d(T x, T y) ≤ c · d(x, y), ∀x, y ∈ X,
is a Picard operator.
Starting from Picard-Banach fixed point theorem, a very impressive literature has developed in the last nine decades or so, see for example the monographs [4] , [19] and references therein. Moreover, the Picard-Banach fixed point theorem itself and some of its extensions have become very useful and versatile tools in solving various nonlinear problems: differential equations, integral equations, integrodifferential equations, optimisation problems, variational inequalities etc., see [4] , [19] , [23] and [24] and the extensive literature cited there.
Having in view both the theoretical and application importance of the Banach contraction mapping principle, the aim of this paper in to introduce a larger class of Picard operators, called enriched Banach contractions, that includes Picard-Banach contractions as a particular case and also includes some nonexpansive mappings.
We then study the existence and uniqueness of fixed points of enriched Banach contractions and prove a strong convergence theorem for Kransnoselskij iteration used to approximate the fixed points of enriched Banach contractions. We also consider a local variant of PicardBanach fixed point theorem and extend further the main results to the case of asymptotic enriched Banach contractions. Examples to illustrate the generality of our new results are also presented. 
Approximating fixed points of enriched contractions
To indicate the constants involved in (2) we shall also call T a (b, θ)-enriched contraction.
Example 1.
(1) Any contraction T with contraction constant c is a (0, c)-enriched contraction, i.e., T satisfies (2) with b = 0 and θ = c.
(2) Let X = [0, 1] be endowed with the usual norm and let T : X → X be defined by T x = 1 − x, for all x ∈ [0, 1]. Then T is nonexpansive (it is an isometry), T is not a contraction but T is an enriched contraction. Indeed, if T would be a contraction then, by (1), there would exist c ∈ [0, 1) such that
which, for any x = y, leads to the contradiction 1 ≤ c < 1.
On the other hand, the enriched contraction condition (2) is in this case equivalent to
with θ ∈ [0, b + 1). For x = y the previous inequality holds true if one chooses 0 < b < 1 and θ = 1 − b.
Hence, for any b
Note also that F ix (T ) = 1 2 .
Remark 2.1. We note that for T in Example 1 (2), Picard iteration {x n } associated to T , that is, the sequence x n+1 = 1 − x n , n ≥ 0, does not converge for any initial guess x 0 different of 1 2 , the unique fixed point to T .
This suggests us that, in order to approximate fixed points of enriched contractions we need more elaborate fixed point iterative schemes, like Krasnoselskij iterative method, for which we prove in the following a strong convergence theorem in the class of enriched contractions.
(iii) The following estimate holds
Proof. We split the proof into two different cases. . Obviously, 0 < λ < 1 and the enriched contractive condition (2) becomes
which can be written in an equivalent form as
where we denoted c = λθ and
Since θ ∈ (0, b + 1), it follows that c ∈ (0, 1) and therefore inequality (6) shows that T λ is a c-contraction. Note, in passing, that T and T λ are linked by the following important property:
In view of (6), the Krasnoselskij iterative process {x n } ∞ n=0 defined by (15) is exactly the Picard iteration associated to T λ , that is,
Take x = x n and y = x n−1 in (5) to get
By (9) one obtains routinely the following two estimates
and
Now, by (10) it follows that {x n } ∞ n=0 is a Cauchy sequence and hence it is convergent in the Banach space (X, · ). Let us denote
By letting n → ∞ in (8) and using the continuity of T λ we immediately obtain
Next, we prove that p is the unique fixed point of T λ . Assume that q = p is another fixed point of T λ . Then, by (5)
Conclusion (ii) follows by (12) . To prove (iii), we let m → ∞ in (10) and (11) to get
respectively, where c = θ b + 1 . Now one can merge (13) and (14) to get the unifying error estimate (4). Case 2. b = 0. In this case, λ = 1, c = θ and we proceed like in Case 1 but with T (= T 1 ) instead of T λ , when Kasnoselskij iteration (15) reduces in fact to the simple Picard iteration associated to T ,
Remark 2.2. 1) In the particular case b = 0, by Theorem 1 we get the classical Banach contraction fixed point theorem (see Banach [2] ) in the setting of a Banach space.
2) Enriched Kannan contractions have been introduced and studied by Berinde and Pȃcurar in [10] . Although the mapping T in Example 1 (2) is simultaneously an enriched Kannan mapping and an enriched contraction, it is easily seen that the class of enriched Kannan contractions is also independent of the class of enriched Banach contractions, due to the fact that, see for example [16] , the class of Kannan contractions is independent of the class of Banach contractions.
We shall call a mapping T to be a strictly enriched Kannan mapping if it is not a usual Kannan mapping. So, an open problem would be to find a strictly enriched Kannan mapping which is not an enriched contraction.
Local and asymptotic versions of enriched contraction mapping principle
The Picard-Banach contraction mapping principle has a useful local version, see for example [13] , which involves an open ball B in a complete metric space (X, d) and a nonself contraction map of B into X which has the essential property that does not displace the centre of the ball too far. The analogue of this result in the case of enriched contractions is given by the following Corollary. Proof. W can choose ε < r such that
On the other hand, as T is a (b, θ)-enriched contraction, there exist b ∈ [0, ∞) and θ ∈ [0, b + 1) such that
If b > 0, we denote λ = 1 b + 1 which implies 0 < λ < 1. So, the enriched contractive condition (15) becomes
where we denoted c = λθ = θ b + 1 and
Since θ ∈ (0, b + 1), it follows that c ∈ (0, 1) and therefore inequality (17) shows that T λ is a c-contraction on B.
Note also that the inequality T x 0 − x 0 ≤ (b + 1 − θ)ε can be written equivalently as
We now prove that the closed ball B := {x ∈ X : x − x 0 ≤ ε} is invariant under T λ . Indeed, for any x ∈ B we have
Since B is complete, conclusion follows by Theorem 1.
If b = 0, we proceed in a similar way but we shall use the contraction mapping principle to get the final conclusion.
Remark 3.1. In the particular case b = 0, by Corollary 2 we obtain the local variant of the contraction mapping principle, see for example Corollary (1.2) in [13] .
The following example shows that there exist mappings T which are not contractions but a certain iterate of them is a contraction.
T is not a contraction (being discontinuous) but T 2 is a contraction.
In such a case, we cannot apply the classical Picard-Banach contraction mapping principle and thus the following fixed point theorem is useful, see for example Theorem 1.3.2 in [17] .
Theorem 3. Let (X, d) be a complete metric space and let T : X → X be a mapping. If there exists a positive integer N such that T N is a contraction, then F ix (T ) = {x * }.
Our first aim in this section is to obtain a similar result for the more general case of enriched contractions in the setting of a Banach space.
Theorem 4. Let (X, · ) be a Banach space and let U : X → X be a mapping with the property that there exists a positive integer N such that
Proof. We apply Theorem 1 (i) for the mapping T = U N and obtain that F ix (U N ) = {p}. We also have
which shows that U(p) is a fixed point of U N . But U N has a unique fixed point, p, hence U(p) = p and so p ∈ F ix (U).
The remaining part of the proof follows by Theorem 1.
One of the most interesting generalizations of contraction mapping principle is the so-called Maia fixed point theorem, see [14] , which was obtained by splitting the assumptions in the contraction mapping principle among two metrics defined on the same set. Its statement reads as follows.
Theorem 5. (Theorem 1.3.10, [17] ) Let X be a nonempty set, d and ρ two metrics on X and T : X → X a mapping. Suppose that (i) d(x, y) ≤ ρ(x, y), for each x, y ∈ X; (ii) (X, d) is a complete metric space; (iii) T : X → X is continuous with respect to the metric d; (iv) T is a contraction mapping with respect to the metric ρ. Then T is a Picard operator.
The next theorem is an extension of Theorem 5 to the class of enriched contractions but is established in the particular case of a Banach space. Then T is a Picard operator.
Proof. Let x 0 ∈ X. By (iv), we deduce similarly to the proof of Theorem 1 that {T n λ (x 0 )} is a Cauchy sequence in (X, · ρ ), where as usually λ = 1 b + 1
. By (i), {T n λ (x 0 )} is a Cauchy sequence in (X, d) and by (ii) it converges. Let
By (iii) we obtain that x * ∈ F ix (T λ ) and by (iv) that F ix (T λ ) = {x * }. Since F ix (T λ ) = F ix (T ), the conclusion follows.
4. Conclusions 1. We introduced the class of enriched contractions, which includes the Picard-Banach contractions as a particular case and also certain nonexpansive mappings.
2. We have shown that any enriched contraction has a unique fixed point that can be approximated by means of some Kransnoselskij iterations.
3. We presented relevant examples to show that the class of enriched contractions strictly includes the Picard-Banach contractions in the sense that there exists mappings which are not contractions and belong to the class of enriched contractions.
4. It is worth to mention that enriched contractions preserve a fundamental property of Picard-Banach contractions: any enriched contraction has a unique fixed point and is continuous.
5. It is well known that the class of Picard-Banach contractions is independent of the class of Kannan contractions (which are in general discontinuous mappings) but, in view of Example 1, there exist enriched Banach contractions which are simultaneously enriched Kannan contractions.
6. We also obtained a local version (Corollary 2) as well as an asymptotic version (Theorem 3) of the enriched contraction mapping principle (Theorem 1).
7. Last but not least, we obtained a fixed point theorem of Maia type which extends Maia fixed point theorem (Theorem 5) from the class of Picard-Banach contractions to the class of enriched contractions (Theorem 6).
8. Picard-Banach contractions have been previously extended in [3] to the so called almost contractions, a class of mappings which preserve most of the features of Picard-Banach contractions but may have more than one fixed point, see also [1] , [5] , [9] and references therein. Our aim is to unify the class of almost contractions and enriched contractions in a future work.
